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Abstract 



In this paper we prove the preconstructibility of the complex of 
tempered holomorphic solutions of holonomic Z?-modules on complex 
analytic manifolds. This implies the finiteness of such complex on 



any relatively compact open subanalytic subset of a complex analytic 
manifold. Such a result is an essential step for proving a conjecture 

"^n ' of M. Kashiwara and P. Schapira ([E]) on the constructibility of such 

SZ ■ complex. 

Uontents 

>> ' Introduction 

00 



1 Notations and review 

1.1 Subanalytic sites . 



r**~ \ 1.2 P- modules and tempered holomorphic functions 

q ■ 1.3 Elementary asymptotic decomposition of meromorphic con- 



nections 10 



R-preconstructibility of the tempered De Rham complex for 
holonomic ©-modules H_3 

2.1 The case of modules supported on analytic sets 

2.2 The case of meromorphic connections 

2.3 The general statement 



14 

15 

21 



References 22 



2010 MSC. Primary 32C38; Secondary 32B20 32S40 14Fxx. 

Keywords and phrases: P-modules, irregular singularities, tempered holomorphic func- 
tions, subanalytic. 



Introduction 



Introduction 

The Riemann-Hilbert correspondence is one of the more powerful results in 
P-module theory. It has important applications in many fields of mathe- 
matics such as representation theory or microlocal analysis. Such a corre- 
spondence gives an equivalence between the category of regular holonomic 
P-modules on an analytic manifold X and the category of perverse sheaves 
on X. The former is of analytic nature, as it is a categorical description 
of certain linear partial differential systems. The latter is of topological 
nature as it is defined using subanalytic stratifications of X and some com- 
binatorial properties. Such an equivalence is realized through the complex 
of holomorphic solutions of regular holonomic "D-modules. In the proof of 
the Riemann-Hilbert correspondence given by M. Kashiwara (JHJ [9]) and, 
more generically, in the study of the complex of holomorphic solutions of 
a holonomic P-module, the property of constructibility of such complex is 
fundamental ([I]). Let us simply recall that a bounded complex of sheaves 
is constructible if its cohomology groups are locally constant sheaves on the 
strata of an analytic stratification and if their stalks have finite dimension. 

The study of irregular holonomic P-modules is much more complicated. In 
dimension 1, a local irregular Riemann-Hilbert correspondence was proved 
through the works of many mathematicians as P. Deligne, M. Hukuhara, A. 
Levelt, B. Malgrange, J. -P. Ramis, Y. Sibuya, H. Turrittin (see [5] and |18j). 
Roughly speaking, such a correspondence is obtained in two steps. First 
one studies the formal structure of flat meromorphic connections (Levelt- 
Turrittin Theorem) and then one analyses the gluing of the sectorial asymp- 
totic lifts of the formal structures. The higher dimensional case is still open. 
C. Sabbah conjectured the analogue of the Levelt-Turrittin Theorem and 
he proved it in some particular cases ([21]). Furthermore, he deeply studied 
the asymptotic lifting property ([2l])- In P2] and [20], T. Mochizuki proved 
Sabbah's conjecture in the algebraic cases. Recently ([H], P3]), K. Ked- 
laya proved Sabbah's conjecture in the analytic case. In dimension 1, the 
formal decomposition is given by the Levelt-Turrittin Theorem. In higher 
dimension it is not straightforward and one needs a finer study of the for- 
mal invariants of a flat meromorphic connection. This leads to introduce the 
notion of good model which plays a central role in the cited works. These 
new results should allow a formulation of the irregular Riemann-Hilbert cor- 
respondence in higher dimension. Even if the local 1-dimensional case is 
nowadays classical, it has some points which do not allow the passage to a 
global description of holonomic "D-modules or to a natural generalization to 
the higher dimensional case. In particular, the notion of the formal invariants 
of a flat meromorphic connection in dimension 1 has a purely analytic na- 
ture and the higher dimensional analogues of such invariants need to satisfy 
a goodness property. 
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Recently ([13]), M. Kashiwara and P. Schapira introduced the subana- 
lytic site relative to X, denoted X sa , and the complex of sheaves on it of 
tempered holomorphic functions, denoted O x . The study of solutions of 
holonomic D-modules on complex curves with values in Xsa allowed to 
describe faithfully and in a topological way the formal invariants of flat 
meromorphic connections ([22J). Furthermore, Kashiwara-Schapira defined 
a notion of M-constructibility for sheaves on X sa and they conjectured the 
M-constructibility of tempered solutions of holonomic T>- modules. In [2T], we 
proved the conjecture for holonomic P-modules on complex curves. In the 
present article we prove the R-preconstructibility of the complex of tempered 
solutions of holonomic P-modules on analytic manifolds. This implies the 
finiteness of such complex on any relatively compact open subanalytic subset 
of a complex analytic manifold. 

The article is organized as follows. In the first section we review classical 
results on sheaves on subanalytic sites, P-modules, tempered solutions and 
elementary asymptotic decompositions of flat meromorphic connections. In 
this paper, the notion of good model and good decomposition is not needed. 
Hence, we will simply recall the elementary asymptotic decomposition of 
flat meromorphic connections without any goodness property. In the second 
section we state and prove our main result of M-preconstructibility of the 
tempered De Rham complex of holonomic P-modules. The proof is divided 
in two parts. In the first part we prove our result for modules supported on 
a closed analytic subset Z of X by using induction on the dimension of Z 
and reducing to the 1-dimensional case. In the second part, we consider flat 
meromorphic connections. We start by proving the R-preconstructibility of 
the tempered De Rham complex of an elementary model using the results in 
dimension 1 and some properties on the pull-back of the tempered De Rham 
complex. Then, we prove the case of a generic flat meromorphic connections 
by using the results of Kedlaya, Mochizuki and Sabbah. 

Let us conclude the introduction recalling that many spaces of functions 
with growth conditions have been used in the study of irregular "D-modules. 
For example, in [18], the sheaves of holomorphic functions with asymptotic 
expansion or moderate and Gevrey growth at the origin have been studied. 
In higher dimension, sheaves of functions with moderate growth or with 
asymptotic expansion on a divisor Z of X have been used in [21] , [25] , [5] and 
[1] . Such sheaves are defined on the real blow-up of X along Z and they do 
not allow to treat globally holonomic Pjf-modules. The M-preconstructibility 
of the tempered De Rham complex of an elementary model, obtained in the 
present article (see Lemma I2.2.5J) . is related to the results, obtained by M. 
Hien in [5] and [1], on the vanishing of the moderate De Rham complex 
of a good model. Our approach is quite different to Hien's one. Indeed, 
Hien proved his results of finiteness and vanishing of the moderate De Rham 
complex of good models by estimating the growth of some integrals appearing 
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in the solutions on multisectors (see [23] for the asymptotic expansion case). 
In our case the situation is more complicated. Indeed, with Hien's approach 
we should have proved growth estimates of solutions on arbitrary subanalytic 
open sets. We used this method in dimension 1 ([21]) but in higher dimension 
the geometry of a subanalytic set can be much more complicated. Hence 
we adopted a different approach to prove the R-preconstructibility of the 
tempered De Rham complex of an elementary model. We used our results 
in dimension 1, combining it with some formulas on the pull-back of the 
tempered De Rham complex proved in [12]. Remark that, adapting the 
techniques of [6], one can obtain holomorphic functions with moderate growth 
from tempered holomorphic functions in a functorial way. 

Acknowledgments: I wish to express my gratitude to P. Schapira for his 
constant encouragement in the preparation of this paper. I am deeply in- 
debted with C. Sabbah for many essential discussions, I wish to warmly thank 
him here. 

1 Notations and review 

1.1 Subanalytic sites 

Let X be a real analytic manifold countable at infinity. 

Definition 1.1.1. (i) A set Z C X is said semi-analytic at x £ X if the 
following condition is satisfied. There exists an open neighborhood W 
of x such that Z C\W = Uj e j n Jg j Zy where I and J are finite sets and 
either Z tj = {y £ X; / y (y) > 0} or Z, Lj = {y £ X; / y (y) = 0} for 
some real-valued real analytic functions fy on W . Furthermore, Z is 
said semi-analytic if Z is semi-analytic at any x £ X. 

(ii) A set Z C X is said subanalytic if the following condition is satisfied. 
For any x £ X , there exist an open neighborhood Wofx, a real analytic 
manifold Y and a relatively compact semi-analytic set A G X xY such 
that tt(A) = Z D W , where n : X x Y — » X is the projection. 

Given Z G X, denote by Z (resp. Z, dZ) the interior (resp. the closure, 
the boundary) of Z. 

Proposition 1.1.2 (See [1]). Let Z and V be subanalytic subset of X. Then 
Z U V, Z fl V , Z , Z and Z \ V are subanalytic. Moreover the connected 
components of Z are subanalytic, the family of connected components of Z is 
locally finite and Z is locally connected at any point in Z. 

Definition 1.1.3. A family {A a } a iz\ of subanalytic subsets of X is said a 
stratification of X if {A a } ae /^ is locally finite, X = [ J A a and each A a is a 

locally closed subanalytic manifold. 
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For the theory of sheaves on topological spaces we refer to jTT]. For the 
theory of sheaves on the subanalytic site that we are going to recall now, we 
refer to [12] , see also [22] • 

We denote by Op(X) the family of open subsets of X. For k a commutative 
ring we denote by kx the constant sheaf. For a sheaf in rings IZx, we denote 
by Mod(7?.x) the category of sheaves of 7^x- m odules on X and by D b (lZx) 
the bounded derived category of yiodilZx)- 

Let us recall the definition of the subanalytic site X sa associated to X. An 
element U G Op(X) is an open set for X sa if it is open, relatively compact 
and subanalytic. The family of open sets of X sa is denoted Op c (X sa ). For 
U G Op c (X sa ), a subset S of the family of open subsets of U is said an open 
covering of U in X sa if S C Op c (X sa ) and, for any compact K of X, there 
exists a finite subset So C S such that K fl (UveSoV) = K D U. The set of 
coverings of U in X sa is denoted by Cov sa (U). 

We denote by Mod(/cx sa ) the category of sheaves of fc-modules on the 
subanalytic site associated to X. With the aim of defining the category 
Mod(kx aa ), the adjective "relatively compact" can be omitted in the definition 
above. Indeed, in [121 Remark 6.3.6], it is proved that Mod(k Xsa ) is equiv- 
alent to the category of sheaves on the site whose open sets are the open 
subanalytic subsets of X and whose coverings are the same as X sa . 

Let PSh(fcx sa ) be the category of presheaves of /c-modules on X sa . Denote 
by for : Mod(k Xsa ) —> PSh(kx sa ) the forgetful functor which associates to a 
sheaf F on X sa its underlying presheaf. It is well known that for admits a 
left adjoint - a : PSh(fc Xs J -> Mod(Jfc x , ). 

We denote by 

Q '■ X — y X sa , 

the natural morphism of sites associated to Op c (X sa ) — y Op(X). We refer 
to [12] for the definitions of the functors Q* : Mod(A;x) — > M°d(^js: sa ) and 
£> _1 : Mod(A;x so ) — > Mod(kx) and for Proposition II. 1.41 below. 

Proposition 1.1.4. (i) The functor g _1 is left adjoint to g*. 
(ii) The functor q _1 has a left adjoint denoted by q\ : Mod(A;x) —* Mod(/cx sa )' 
(Hi) The functors g~ l and q\ are exact, g* is exact on constructible sheaves, 
(iv) The functors g* and Q\ are fully faithful. 

Through g*, we will consider Mod(kx) as a subcategory of Mod(kx sa )- 

The functor g\ is described as follows. If U G Op c (X sa ) and F G Mod(kx), 
then Q\(F) is the sheaf on X sa associated to the presheaf U *-y F(U^. 

Now, we are going to recall the definition of M-preconstructibility and R- 
constructibility for sheaves on X sa . 

Denote by D^_ c (Cx) the full triangulated subcategory of the bounded 
derived category of Mod(Cx) consisting of complexes whose cohomology 
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groups are M-constructible sheaves. In what follows, for F G D b (Cx aa ) and 
G G D^_ c (Cx), we set for short 

RHom Cx (G,F) := g~ l RHom Cxaa {G,F) G D b (C x ) 

and 

RHom Cx (G,F) := RY{X,RHom Cx {G,F)) . 

Definition 1.1.5. Let F G D b {C Xsa ). 

(i) We say that F is R-preconstructible if for any G G D^_ c (Cx) with 
compact support and any j G Z 7 

dim c R j Hom Cx (G,F)) < +00 . 

(%%) We say that F is M-constructible if for any G G D^_ c (Cx) , 

RUom Cx (G,F)eD b R _ c (C x ) - 

1.2 V- modules and tempered holomorphic functions 

For the general theory of T>- modules, we refer to [10] and [2]. For the basic 
results on the tempered De Rham functor we refer to [12]. For an introduction 
to derived categories, we refer to [TT] . 

Let X be a complex analytic manifold. We denote by Ox the sheaf of 
rings of holomorphic functions on X and by V>x the sheaf of rings of linear 
partial differential operators with coefficients in Ox- 

D 

Given two left 2>Y- m odules .Mi, -M 2 , we denote by M.\ (g> M. 2 the internal 
tensor product. Let us start by recalling the following 

Proposition 1.2.1 ( [TO] Proposition 3.5). Let M be a right Vx-module, 
M.i.M.2 left V x -modules. Then 

D 

N®{Mi®M 2 ) ^ (A/ - ® M 1 )®M 2 • 
v x o x v x 

Now, let T*X denote the cotangent bundle on X. We denote by Mod c (T>x) 
the full subcategory of Mod(X'x) whose objects are coherent over Vx- For 
M. G Mod c (7?x) we denote by char.M the characteristic variety of Ai. Recall 
that charA^ C T*X and that Ai is said holonomic if char.A/1 is Lagrangian. 
We denote by Modh(T>x) the full subcategory of Mod(Px) consisting of 
holonomic modules. 

We denote by D b coh (V x ) (resp. D b h (V x )) the full subcategory of D b {V x ) 
consisting of bounded complexes whose cohomology groups are coherent 
(resp. holonomic) P^-modules. For M. G D b coh {T>x), set charA^ := 
U jm ch&rH j (M). 
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Let ir x '■ T*X — y X be the canonical projection, T X X the zero section of 
T*X and f*X := T*X \ T* X X. 
For M G D b coh (V x ), set 



S(M) :=7r x (charM n T*X 



It is well known that, if M. G -D^(Z>x), then S(.M) 7^ X is a closed analytic 
subset of X. That is to say, for any z G S'(.M) there exist a neighbourhood VF 
of z and finitely many functions /1, ...,/& G Ox(W) such that S'(A^) fl H^ = 
{xGW;/ 1 (x) = ... = / fe (a;) = 0}. 

Definition 1.2.2. ^4n object M. G D b h {T> x ) is said regular holonomic if, for 

any x G X , 

RKom Vx (M,O x>x ) ^RRomv x (M,6 x , x ) , 

where (D XjX is the V X)X -module of formal power series at x. We denote by 
D b h (T> x ) the full subcategory of D b h (D x ) of regular holonomic T> x -modules. 

Now, let Z be a closed analytic subset of X. Let X z be the coherent ideal 
consisting of the holomorphic functions vanishing on Z, we set 

Y [Z] M := \u$Uom 0x {O x /l k z ,M) , 
T [x \z]M := \jj^Hom 0x (l z ,M) . 

k 

li S G X can be written as S = Z\ \ Z2, for Z\ and Z2 closed analytic sets, 
then it can be proved that the following object is well defined 

T [S] M := T [Zl] T [x \ Z2] M 

and that Y\g\ is a left exact functor. We denote by RT[s\ the left derived 
functor of F\g\. 

Theorem 1.2.3 (pH], Theorem 3.29). (i) Let Si, S 2 G X be difference of 
closed analytic subsets of X . Then 

RT [Sl] RT [S2] M ~ RT [SinS2] M . 

(ii) Let Z be a closed analytic subset of X . For any M. G D b (T> x ) there 
exists a distinguished triangle 

RT [Z] M — ► M — ► RT [X \ Z] M ^ . 
Let us also recall the following fundamental 
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Theorem 1.2.4 ([10] Theorem 4.30). Let Z be a closed submanifold of X . 
Then the category of coherent T> x -modules supported by Z is equivalent to 
the category of coherent T>z-modules. 

Given two complex analytic manifolds X and Y of dimension, respectively, 
dx and dy and a holomorphic morphism / : X — > Y, we denote by f^ 1 : 
Mod (XV) — > Mod(T>x) the inverse image functor and by D/ _1 : D b (T>Y) — > 
D b (T>x) its derived functor. Recall that / is said smooth if the corresponding 
maps of tangent spaces T X X — >■ Tf^Y are surjective for any x & X. If / is a 
smooth map, then /pj 1 is an exact functor. For Proposition 11.2.51 below, we 
refer to Proposition 2.5.27 of [2] and to Proposition 3.35 of [TU] . 

Proposition 1.2.5. Let Z C Y be an analytic set, / : X —>Y a holomorphic 
map, M G D b h iV Y ). Then 

Rr [f -i (z)] (O x ) ~ Df-\RT [z] Y ) and RT [Z] M ~ M^jOy § -M ■ 

In particular, 

RTv-xwiDf^M) * Df-\Rr [z] M) . 

Given / G O x , let Z := / _1 (0). We denote by X [*Z] the sheaf of 
meromorphic functions with poles on Z. Let us remark that Ox[*Z] is 

D 

smooth over O x . Given M G Mod(X> x ), we set A4[*Z] := At <g> O x [*Z\- 
One can prove that iiTpif^.M ^ M[*Z]. 

We denote by X^ the real analytic manifold underlying X and by T> Xr the 
sheaf of linear differential operators with real analytic coefficients. Further- 
more, we denote by X the complex conjugate manifold, in particular O^ is 
the sheaf of anti-holomorphic functions. Denote by T>bx R the sheaf of distri- 
butions on X R and, for a closed subset Z of X, by T z {Vbx R ) the subsheaf 
of sections supported by Z. One denotes by T>b x the presheaf of tempered 
distributions on X^ defined by 

Op c (X sa ) 3 U -» X^JC/) := r(X;% R )/r xW (X;P&xJ . 

In [12] it is proved that T)b Xaa is a sheaf on X sa . This sheaf is well defined 
in the category Mod(£iX>x)- Moreover, for any U G Op c (X sa ), T>b x is 
T(U, -)-acyclic. 

One defines the complex of sheaves Xga G D b ^g\V x ) of tempered holo- 
morphic functions as 

Xsa := Rnom et ^{giOx,Vb Xu ) . 



Let VL X be the sheaf of differential forms of degree j and, for sake of sim- 

dx 

X 



plicity, let us write Vt x instead of Vt x 



1.2 D- modules and tempered holomorphic functions 



Set 
(1.1) 

n x := Ql n x ® o^ a , n™ 4 := e ,fi x ® 2%^ , nf ht ■.= 6l n x ® £>&„ 

eiOj eiOx eiCjc 

Let us now define the De Rham functors over V x , let M. G D b (V x ), 



BR Vx M :=nk)M, DR l Vx M := Vl x ® Q\M , BR^M := fi 256 ' I piM 

Furthermore, let us define the De Rham complexes over Ox, let .A/f G 

Mod(Px), 



1.2) DR 0x 7W :=0^7W ^-itt x ®M ^ln x ®M 

Ox Ox 



DR™*M := — ► g,M ^i tif* <g> g,M ^l tff* ® g,M 



where V^ is defined by the action of vector fields on A4. 

The complex DRo x * s an object in the category of differential complexes. 
As we do not need the theory of differential complexes, we do not recall it 
here and we refer to [IB] and to the references cited there. Moreover, the 
objects and the results recalled here on the De Rham functors can be stated 
in much more general settings, we refer to the bibliography. 

Let D^_ C (C X ) be the full subcategory of D b (C x ) whose objects have C- 
constructible co homology groups ([11]) ■ 



Proposition 1.2.6 ([2], Proposition 2.2.10). Let M G D b h (V x ). The 
complexes DRo x .M and DRx> x .M[— d x ] are isomorphic in the category 

D b c „ c (C x ). 



One can prove that the isomorphism of Proposition 11.2.61 extends to 
(1.4) DRgA4~DRgA4[-(fe] 

as objects in D b (<C Xsa ). 

Theorem 1.2.7 ([12] Theorem 7.4.12, Theorem 7.4.1). (%) Let 

C G D b rh {V x ) and set L := R'Homv x {£',Ox)- There exists a 
natural isomorphism in D b ( ( £ Xsa ) 

DB^C-RUomexjL,^) . 
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(ii) Let f : X —)• Y be a holomorphic map and let M G D b (Vy)- There is 
a natural isomorphism in D b (C Xsa ) 



DR^Df-^ldx] ^ f\Dh% Y U)[d, 



We are now going to recall a conjecture of M. Kashiwara and P. Schapira on 
constructibility of tempered holomorphic solutions of holonomic P-modules 
and the results we obtained on curves. 

For sake of shortness, we set 



yol\M) := RUom^v^MiO 1 ) e D b (C 



X 3 



Conjecture 1.2.8 (p3]). Let M G D h h {V x ). Then ^ol\M) G D b (C Xsa ) is 
M,-constructible. 

In [21], we proved that Conjecture 11.2.81 is true on analytic curves. 



Theorem 1.2.9. Let X be a complex curve and Jv[ g D b h {T>x)- Then, 
S^ol t {M) is ~$L-constructible. 

Let M G D b coh (V x ). Set 

Dx := £xt% x (M,V x ® 0x ^l" 1 ) • 

Theorem 1.2.10. (%) The functor D x : Mo<\ h {V x ) op -> Mod h {V x ) is an 
equivalence of categories. 

(ii) Let M G D b h (V x ). Then, 

yol\M) ~Dh% x (p x M) . 

1.3 Elementary asymptotic decomposition of mero- 
morphic connections 

In this subsection we are going to recall some fundamental results on the 
asymptotic decomposition of meromorphic connections. The first results on 
this subject were obtained by H. Majima ([32]) an d C Sabbah ([21])- In 
particular, Sabbah proved that any meromorphic connection admitting a 
good formal decomposition admits an asymptotic decompositions on small 
multisectors. Let us recall that Sabbah conjectured that any meromorphic 
connection admits a good formal decomposition after a finite number of point- 
wise blow-up and ramification maps ([25]). Such a conjecture was proved in 
the algebraic case by T. Mochizuki ([121 I2D]) and in the analytic case by K. 
Kedlaya ( |14[ IT5]). Let us also stress the fact that, in the works of Sabbah, 
Mochizuki and Kedlaya, there is an essential goodness property of formal 
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invariants which plays a central role in the study of the formal and asymp- 
totic decompositions. As in this paper we are not concerned with the formal 
decomposition of meromorphic connections and since the goodness property 
is not needed within the scope of our results, we are not going to give details 
on them. In this way, we will avoid to go into technicalities unessential in 
the rest of the paper. For this subsection we refer to [25j 1201 H]- 

Let us start by recalling some results about integrable connections on an 
analytic manifold X of dimension n with meromorphic poles on a divisor Z. 
As in the rest of the paper we will just need the case where Z is a normal 
crossing hypersurface, from now on, we will suppose such hypothesis. 

Let Q x be the sheaf of j-forms on X . Let M. be a finitely generated 
0[*Z]-module endowed with a C^-linear morphism V : A\ — > Q x ®o x -M 
satisfying the Leibniz rule, that is to say, for any h G 0[*Z], m G Ai, 
V(/im) = dh® m + hVm. The morphism V induces Cx-linear morphisms 
V® : Q? x ®o x M -> ^ j x l ®o x M. 

Definition 1.3.1. A meromorphic flat connection on X with poles along 
Z is a locally free 0[*Z]-module of finite type At endowed with a Cx -linear 
morphism V as above such that V*- 1 -* o V = 0. 

For sake of shortness, in the rest of the paper, we will drop the adjective 
"flat". If there is no risk of confusion, given a meromorphic connection 
(Ai, V), we will simply denote it by A\. 

Let .A/f i, A\i be two coherent 0^ [*Z]-modules, a morphism <p : AA\ — > Aii 
induces a morphism tp' : Q x ®o x M-i — > Q x ®o x A\<i- A morphism of 
meromorphic connections (.Mi,Vi) — > (^27 V2) is given by a morphism 
if : A'ti — > AA2 of coherent Cx[*-^]-modules such that </?' o Vi = V2 ° f- 
We denote by fJ3l(X, Z) the category of meromorphic connections with poles 
along Z. 

It is well known (see [2]) that, if Z is a normal crossing hypersur- 

D 

face, the image through the functor • (g) 0[*Z] of the full subcategory of 
Modh(T>x) of objects with singular support contained in Z, is equivalent 
to the category of meromorphic connections with poles along Z. In par- 
ticular, if A\ G Mod/ l (Px) satisfies S(Ai) is a normal crossing hyper- 

D 

surface and .M ~ RT[x\s(M)]Ai ~ A\ ® 0[*S(Ai)], then the morphism 
y(o) ■ j\/[ — s. Qi (g _/Vf ; defined in (II. 2p . gives rise to a meromorphic connec- 
ts 
tion. A meromorphic connection is said regular if it is regular as a D-module. 

Furthermore the tensor product in DJl(X, Z) is well defined and it coincides 
with the tensor product of "D-modules. With an abuse of language, given a 
holonomic Px-module A\ with singular support contained in Z, we will call 

D 

A\ a meromorphic connection if .M ~ RT[ X \z] AA ~ At ® O x [*Z). 

Let us recall that, if (M,V) G M(X,Z) and M is an 0x[*Z]-niodule of 
rank r, then, in a given basis of local sections of .M, we can write V as d — A 
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where A is a r x r matrix with entries in Q x ®o x ®x[*Z]. Now, let X' be a 
complex manifold and / : X' — > X a holomorphic map. Let us suppose that 
Z' := f^ 1 (Z) has codimension 1 everywhere in X' . Then, we can define the 
inverse image f*Ai of M. on X' with poles along Z' . As an Ox> [*^ / ]-module, 
it is f~ x M. and the matrix of the connection in a local base is f*A. With a 
harmless abuse of notation, we will write f^M. for f*A4. 

Let us now introduce the elementary asymptotic decompositions. 

Let us denote by X the real oriented blow-up of the irreducible components 

of Z and by it : X — > X the composition of all these. Let us suppose that Z 

is locally defined by X\ ■ . . . ■ Xk — 0. Then, locally X ~ (S 1 x lR> ) fe x C n ~ h . 

k 
By a multisector we mean a set of the form \\ (Ij x V}) x W where Ij C 5 1 

3=1 

is an open connected set, Vj = [0, r,-[ (tj > 0) and W C C n ~ k is an open 
polydisc. Let x~i, . . . ,x n denote the antiholomorphic coordinates on X. Then 
c\ j acts on C -?. The sheaf on X(Z) of holomorphic functions with asymptotic 
development on Z, denoted A x , is defined as 

k n 

A~ x := f>r(*A : Cf p) -► Cf (D) ) n f| ker(^ : Cf (D) -+ Cf p) ) . 

i=i j=k+i 

The sections of ^Ijf are holomorphic functions on X which admit an asymp- 
totic development in the sense of [17] (see also [25]). 
Given M E Wl(X, Z), we set M x ■= A x ® n~ l M. 



'tt-io 



A' 



Definition 1.3.2. (i) Let <p be a local section of Ox[*Z]/Ox, we denote 
by iy the meromorphic connection of rank 1 whose matrix in a basis 
is dip. 

(ii) An elementary local model M. is a meromorphic connection isomorphic 
to a direct sum 

where A is a finite set, (tp a )a£A is a family of local sections of 
Ox[*Z]/Ox and {TZ a )aeA is a family of regular meromorphic connec- 
tions. 

(Hi) We say that (.M, V) G 9Jl(X,Z) admits an elementary A- 
decomposition if for any i? G ix~ l (Z) there exist an elementary local 
model (Ai e \ V 6 ') and an isomorphism 

(M x „,V)~(M x »,V d ). 
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In particular, if rk.M = r, for any & G 7r 1 (Z), there exists Y# G 
GZ(r, .A#) suc/i t/iai the following diagram commutes 



TT Ox "" Ox 



Yif 



u X,i9 



r„ 



Y-n 



ZM^ <g> fi 1 - _ZlM e i (g) Q<L v e 



Let us now choose local coordinates such that Z is defined by the equation 
Xi ■ . . . • Xj~ = 0. By a ramification map fixing Z we mean a map 



1.5) 



ft : 



(tl . . . , t n ) 



1^1 • • • J ^ki tk+1 ■ ■ ■ i tn) 



for some I G Z >0 . 

The proof of Theorem 11.3.31 below is based on deep results of T. Mochizuki 
(US [2D]), K. Kedlaya ([HUE]) and C. Sabbah ([2S1 [21]), see also H] for 
a concise exposition. 

Theorem 1.3.3. Let (M,V) G Wl(X,Z). For any x G Z there exist a 
neighbourhood W of Xq and a finite sequence of pointwise blow-ups above Xq, 
o : Y — y X such that o~~ l (Z) is a normal crossing divisor and there exists a 
ramification map r\ : X' — >■ Y fixing a~ l (Z) such that (r/ o <j)~ J\4\w admits 
an elementary A- decomposition. 



2 M-preconstructibility of the tempered De 
Rham complex for holonomic P-modules 

In this section we are going to prove the M-preconstructibility of DR^ Ai := 
tt x <g> q\M. for X a complex analytic manifold and M. G D b h {T>x)- Such 

a result is a weaker version of Conjecture 11.2.81 on the R-constructibility of 
DR^M. 

Recall that F G D b (Cx Ba ) is said M>-preconstructible if for any G G 
D^_ c (Cx) with compact support and any j G Z, 

dim c WHomcx (G, F) < +oo . 

The general statement will be given and proved in Subsection l2.3l Roughly 
speaking, the proof is based on an induction process on dim X. The first 
step of the induction follows from Theorem 11.2.91 In Subsections 12.11 and 12.21 
we treat particular cases of the inductive step. 
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2.1 The case of modules supported on analytic sets 

In this subsection we prove the following 

Proposition 2.1.1. Let X be a complex analytic manifold, Z ^ X a closed 
analytic subset of X . Suppose that for any complex analytic manifold Y with 
dim Y < dim X and for any M G D\{T>y), DRv M is M-preconstructible. 
Then, for any M. G D b h (V x ), DR t Vx (RT[ Z ]M) is W-preconstructible. 

Before going into the proof of Proposition 12.1.1} let us recall few facts on 
complex analytic subsets of an analytic manifold X. Given an analytic set 
Z C X, a point z G Z is said regular if there exists a neighbourhood W of z 
such that Z D W is a closed submanifold of W . It is well known that the set 
of regular points of a regular analytic set Z C X, denoted Z reg , is a dense 
open subset of Z. Furthermore Z \ Z reg is a closed analytic set called the 
singular part of Z. 

Proof. We want to prove that for any j > 0, G G D^_ c (Cx), with compact 
support, 

(2.1) dimcR j Eomc x (G,DR^ x (RT [Z] M)) < +oo . 

As D^_ c (Cx) is generated by objects of the form Cu, for U G Op c (X sa ), it 
is sufficient to prove (12. ip with G ~ Cu- 
We have the following sequence of isomorphisms 



RHomc x (Cu,n x ® q x RV[z\M) ~ ifflom Cx (Q/, fi^ ® ( 6l M ® giia^O*)) 

~ i?Homc x (Cc/,(0^ (8) ^M^iCx) ® &M) 

~ RH.om Cx {Cu, RUom Cx {C Z ,Q X ) ® £,A4) 

~ imomc x (Q/<g)C z ,.Di4 x At) 



i?Hom Cx (C c/nZ , J Di4 x A4) . 



We have used Proposition 11.2.11 in the second isomorphism and Theorem 

11.2.7( 1) in the third isomorphism. 

In particular, it is sufficient to prove ( 12. ip with G ~ Cunz- 

Let us now suppose that Z ^ X is a closed submanifold of X. Set dz '■ = 

dimZ and dx '■= dimX Let us denote by iz '■ Z — > X the inclusion. By 

Theorem IT2T31 there exists A/ G D b h (V z ) such that T>i z ~ x R?[z}M ~ M. 

Furthermore, for V G Op c (Z sa ), one has iz\Cz,v — Cxy- We can now write 

the following sequence of isomorphisms 
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RRom Cx (C X y, to x ®v x Q\RT [Z \M) ~ RRom Cx (i Z \C z ,v, tt x ® Vx Q\RT [Z ]M) 

~ i?Hom Cz (C Z y,4(^x ® ^i?r [z] M)) 

~ ifflom Cz (C z ,y,^jD^- 1 i?r [z] .M)[dx - d z ]) 
~ i?Hom Cz (C Zi v , DR l Vz M\d x -d z ]), 

where we have used Theorem 11.2.71 (ii) in the third isomorphism. 

Hence by hypothesis we have that, if Z ^ X is a closed submanifold of X, 
for any j > 0, G G -D^_ c (Cx), with compact support, 



(2.2) dimci? J Hom Cx (G,Di4 x (#r [z] .M)) < +oo . 

Let us treat now the case where Z ^ X is a generic closed analytic subset 
of X. 

Consider the following distinguished triangle 

RT [Z \ Zreg] M — > M>].M — )- i^r^jM-^ . 

It follows that it is sufficient to prove (12.1)1 for Z = Z reg and Z — Z\ Z reg . 

As the statement is local, the case of Z reg is easily solved by reducing 
to the case of a closed submanifold treated above by choosing a convenient 
neighbourhood of Z reg where Z reg is closed. 

The case of Z \ Z reg is treated by using induction on its dimension. 

□ 



2.2 The case of meromorphic connections 

In this subsection we are going to prove the following 

Proposition 2.2.1. Let X be a complex analytic manifold of dimension n > 
2. Suppose that for any complex analytic manifold Y with 1 < dim Y < n 
and for any M £ D^(T>y), DRLjf is M.-preconstructible. Then for any 
M £ D b h (V x ) such that 

(2.3) M ~ RT [X \s(M)]M , 

DRlp M. is M.-preconstructible. 

Before going into the proof of Proposition 12.2.1] let us make some standard 
reductions allowing us to add some hypothesis to the singular support of M.. 
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Lemma 2.2.2. (i) Suppose that for any hyper surface V C X and 
any M G D b h (V x ) such that M ~ RT [X \ V] M, DR l Vx M is R- 
preconstructible. Then for any Z / I closed analytic subset of X 
and any M G D b h (V x ) such that M ~ RT [x \z]M, DR f Vx M is R- 
preconstructible. 

(ii) Suppose that for any complex analytic manifold Y , any M G D\{T>y) 
satisfying M ~ RT]y\s(My\.hf and such that S(J\f) is a normal cross- 
ing hypersurface, DR\) N is R-preconstructible. Then, for any Ai G 
D b h (D x ) satisfying (12. 3p and such that S(M) is a hypersurface, 
DR l v M. is M.-preconstructible. 

Proof, (i). Locally Z ^ X be a closed analytic subset of X. Then, locally, 
Z = {x G X; fi(x) = . . . = fi(x) = 0}, for some fj G O x , j = 1, . . . , I. Set 
Z t := {x G X; f t (x) = 0} and Z, := {x G X; f x [x) = ... = fi.^x) = 0}. 
We have the following distinguished triangle (see [TQl Lemma 3.19]) 

RT [X \ Z] M — > RT [X \ Zl] M © RT [XXZl] M — ► iZT M] .M A . 

By induction, we reduce to the case of Z a hypersurface which is assumed in 
the hypothesis. 

(ii). Suppose that M. G Modh(T> x ). Let Z := S(M.) be a hypersurface. 
Then 

RT [X \ Z] M ~O x [*Z]®M . 

In particular M. is a meromorphic connection. It follows that there exists 
a finite sequence of pointwise complex blow-up maps 7r : X' — > X such that 
7T \x'\w- 1 (z) is a biholomorphism and S(Dn~ l Ai) has normal crossings. 

Now, given G G -D^_ c (Cx), we have the following sequence of isomorphisms 

RHom Cx {G,n x <g> M^M) ~ REom Cx {G,n x ® ( Qi M ® giiO^O*)) 

~ ffflom Cx (G,(^ (8) ^M^^Ox) ® M) 
eiOx q^Vx 

~ J RHom Cx (G, J R'Homc x (C x \z,^x) ® 0iA*) 



Jfflom Cx (G <8> C x w , flRl A< ) 

C x 

REom Cx {Rk\ n\G ® C*\ Z ), DR l Vx M) 
i?Hom Cx ,(7r ! (G g> C*\ Z ), ^(D^M)) 
i?Hom Cx ,(7r ! (G ® C AZ ), ^^(DTr- 1 ^)) 



We have used Proposition 11.2.11 in the second isomorphism and Theorem 
ll.2.7l (i) in the third isomorphism. 
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The case of M. G D b h {V x ) can be reduced to the case M. G Mod/j(r>x) 
treated above by standard techniques. 

□ 

It follows that it is sufficient to prove Proposition 12.2. ll adding the hypoth- 
esis that Z := S(M) is a normal crossing hypersurface. Then, Lemma [2.2.21 
will imply the general statement of Proposition 12.2.11 In particular, if Z is 

D 

an hypersurface, ( 12. 3 p reads as M. ~ M. ® 0[*Z] and we can treat A4 as a 
meromorphic connection. 

Now, the rest of the proof of Proposition 12. 2. ll is divided in several lemmas 
which can be roughly grouped in three steps. In the first part we prove the 
statement for elementary models. Essentially, the method consists in taking 
the inverse image of connections on curves and using Theorem 11.2.91 In the 
second part, we prove the statement for meromorphic connections with an 
elementary ^.-decomposition using the first step and Theorem 11.3.31 In the 
last part we study the properties of the tempered De Rham functor under 
inverse image of complex blow-ups and ramification maps. In the end of this 
Subsection we collect all the lemmas proved and we conclude the proof of 
Proposition 12.2.11 

We start by treating the case of elementary models. Recall Definition 11. 3. 21 
(ii). First we need the following 

Lemma 2.2.3. Let X, Y be two complex manifolds, f : X — >■ Y a holo- 
morphic map, M. G D b h (D Y ). If DR} V r hA is M.-preconstructible, then 
DR^jDf^M) is. 

Proof. Set d x '■ = dimX and d Y := dimF. Given G G D^_ c (Cx), we have 
the following isomorphisms 

i?Hom Cx (G,^ ® g^f^M) ~ BRom^Cfirty <g> Q\M)[d Y - d x \) 

g,V x Q\V Y 

~ RRom CY (RfiG,VL x <g> Q\M[d Y - d x \) , 

Q\Vx 



where we have used Theorem ll.2.7( ii) in the first isomorphism. 

The conclusion follows. □ 

Now, we can suppose that X ~ C n , n > 2, Z — {(xi, . . . , x k ) G C n ; x\ ■ . . . • 
%n = 0}. Recall that, for <p G Ox[*Z]/Ox, we denote by fy the meromorphic 
connection of rank 1 whose matrix in a basis is dip. 

Lemma 2.2.4. Suppose that for any complex analytic manifold Y with 1 < 
dim Y < n and for any M G D b h {T> Y ), DR^M is W-preconstructible. Let 

f G q , then DR t Vx C v is M.-preconstructible. 
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Proof. If n = 1, the conclusion follows by Theorem 11.2.91 

First consider the map / : C 2 \ {x 2 = 0} -> C, jf(xi, x 2 ) = f 1 . As df ^ 0, 
Df~ x C l ' x ~ j^ 1 C}l x ~ C X2 ^ Xl and it can be extended to C 2 . Using Theorem 
11.2.91 and Lemma 12.2. 3} we obtain that DPjp £ X2 / Xl is R-preconstructible. 

Given ip G p * ; one checks easily that there exist p,q E C[xi, . . . ,i„] 
satisfying the conditions 



a\ _ p(si,-,s,0 

W V 9 9(xi,...,a!n) ' 



fii) if we define 



#: C n — y C 2 

(j/l,...,J/n) I > (?(l/l,...,I/n),P(l/l,...,I/n)) , 

then 5:={iG C"; rk^(a;) < 2} ^ X. 

Set A/" := Dy _1 £ a,a / X1 . Clearly i/°A/" ~ g^ l C x ^ xl ~ /X 

Now, by Lemma [2.2.31 and the R-preconstructibility of Di?^, ^£ X2 / Xl (resp. 

by Proposition EHUD we have that DR b cn N ( res P- ^K-^Vl-^) is M " 
preconstructible. Hence, by the following distinguished triangle 

RT [S] M ^M^ RT [X \ S] M ^ , 

we have that DR\> n RY\x\g\N is R-preconstructible. Remark that, as 
/ is smooth outside S, H^M has support in S, for j > 1. In par- 
ticular, RT< x \s]H°Af ~ MVyciA/". Hence DR*RT lx y S ]H Af 



[X\S]ti~J\ - £U.[x\S]JV- -nence Mtj rti [x \ 5] 



is 



preconstructible too. Furthermore, by Proposition 12. 1 . 1] -Di?^, n KT[g]H J\f is 
R-preconstructible. Using the distinguished triangle 

RT [g] H°Af — > H»N — ► i?r [x \5]^ AT ^> , 

we have that -Di?^, n H°M is R-preconstructible and the statement is proved. 

□ 



We conclude the first step of the proof Proposition 12. 2. II with the following 
Lemma 2.2.5. Let M G D b h {V x ) and 71 G D b rh (V x ). If DR l Vx M is R- 

D 

preconstructible, then DR V (Ai ® TV) is. In particular, if for any complex 
analytic manifold Y with 1 < dim Y < n and for any M G D h (T>Y), DRv A/" 
is ^-preconstructible, then for any elementary model M., DR t T>x JV[ is R- 
preconstructible. 



2.2 The case of meromorphic connections 19 



Proof. Let L := RUom Vx (Tl,O x ) G D^_ C (C X ). For G G D^ C (C X ), con- 
sider the following sequence of isomorphisms 

RRom Cx {G,Q x ® £i(.M ®ft)) ~ ifflomc,, (G, (fi^ ® ^ft) ® M) 

~ i?Hom Cjc (G, i?7iom Cxsa (L,n^) <g> ^A^) 

~ EH.omc x (G, RHom Cxsa (L, DR^M)) 
~ ifflom Cjr (G<giL,Di& r .M) . 

In the previous series of isomorphisms we have used Proposition ll.2.11 in the 
first isomorphism and Theorem ll.2.7( i) in the second isomorphism. Hence, 
the first part of the statement is proved. 

To conclude the proof, it is sufficient to combine the first part of the 
statement with Lemma [2.2.41 □ 

Now, we go into the second step of the proof of Proposition 12.2.11 We 
consider meromorphic connections with an elementary .4-decomposition. 

Lemma 2.2.6. Suppose that for any complex analytic manifold Y with 1 < 
dim Y < n and for any M G D^(T>y), DR Vy M is W-preconstructible. Let 
M G M.od h (p x ) be such that 

(i) S(M) is a normal crossing hyper surf ace, 

(%%) M ~ RT [X \ S{M)] M, 

(Hi) M. admits an elementary A- decomposition as a meromorphic connec- 
tion. 



Then DR V Ai is M.-preconstructible. 

Proof. We want to prove that for any G G D^_ C (C X ) with compact support, 

(2.4) dim R j ~ttom Cxsa (G, DR Vx M) < +oo . 

First, let us remark that it is sufficient to prove (12.41) for G = Cu for 
U G Op c (X sa ). Then, we have the following sequence of isomorphisms 

RRom Cx (Cu,n x ® RT [X \ Z] M) ~ RRom Cx (Cu,n x ® q { (M®O x [*Z})) 

S'Vx e\T^x Ox 

~ RUom Cx (Cu,(n x ® g\O x [*Z]) <g> M) 

e\O x e^x 

~ RKomc^C^RHomcx^Cj^z^x) ® Q\M) 

Q\Dx 

~ ifflom Cx (Q,<g>C XVf , J Di4 x .M) . 
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Hence, it is sufficient to prove Q23) for G = C v , V G Op c {X sa ), V C X\Z. 
In particular, for any V C X \ Z, there exists a finite family of open 
multisectors {Sj}j e j such that V C U Sj. 

Now, let Q' x be the complex of differential forms on X. Recall definition 
ffl~3|) and the isomorphism (TO]) . Since, for [/ G Op c (X sa ), £>&* is r([/, •)- 
acyclic, we have that r([/, DB^ b x Ai) is quasi-isomorphic to the complex 



e .Ox fflOx SiOx e\O x 

Suppose that rk.M = r. As Ai has an elementary ^.-decomposition, for any 
small enough multisector S there exists Y$ G Gl(r, A(S)) and an elementary 
model (Ai el , V el ) giving a quasi-isomorphism of complexes 



o >. m (S) v(0) ^ M ® n x ® AS) v(1) ; M®n 2 x ® A(S) 

O x O x O x O x 



v< 2 ) 



is 



is 



Ys 



U K } Ox Ox Ox Ox 

For sake of shortness, in the diagram above, we have omitted the notation 
of Definition 11.3.21 relative to the real blow-up X. 

Now, let U G Op c (X sa ) be contained in a sufficiently small multisector. 
As the restriction of Yg to U respects T>b t {U), we have the following quasi- 
isomorphism of complexes 



*q,M(U) V(0) > 6\M ® qi&x <8> Vb\U) v(1) ; qiM <8> eiJ% ® P6'(t/) v(2) , 



Isle/ 



>slc/ 



Ys\u 



^p,M^rm -Zf^Af 6 ' ® eiO* ® ^W ^2 &-M 6 ' ® ei«x ® vb\u)Y^l 



eiOx eidx 



fflOx g.Ox 



The second row of the above diagram is isomorphic to DFCq (A4 el ). 
By the isomorphism (11.41) . we have 

(2.5) DR% b *M(U) ~ DR^M el (U) . 
Sheafifying (J2.5P we have that 

(2.6) «M) S ^ (Z)<M eI ) s . 



Remark that the isomorphisms (12. 6p depend on S 1 and they can't be glued 
in a global isomorphism. 
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Now, taking the solutions of the Cauchy-Riemann system (i.e. applying 
the functor ■ <g> Q\0^ to (12.61) ) we have 

(2.7) (DR\, x M) s ^ (DR\, x M el ) s . 

The M-preconstructibility of the right hand side of ( 12. 7p following from 
Lemma I2.2.5[ the proof is complete. 

□ 

Let us now study the behaviour of R-preconstructibility of the tempered De 
Rham complex under inverse image in the case of a composition of complex 
blow-ups and ramification maps. 

Lemma 2.2.7. Let Z ^ X be a closed analytic subset of X and ir : X' — > X 
be a composition of pointwise complex blow-ups above Z and ramification 
maps fixing Z. Let M G D b h (V x ) be such that M ~ RT[ X \z]M. If 
DR\) / (D7r -1 .A/f) is W-preconstructible, then DR 1 ^ Ai is. 

Proof. As concern a complex blow-up, the proof goes exactly as that of 
Lemma I2.2.2I (ii). As concern a ramification map qi as given in (II. 5p . the 
proof goes as in Lemma I2.2.2I (ii) taking care of decomposing the sheaf G on 
the elements of a finite covering on which qi is an isomorphism. 

□ 

Proof of Proposition \2.2.1\ 

Let M G D b h (V x ) be such that M ~ RT {X \S{M)]M. By Lemma EU we 
can suppose that S(M) is a normal crossing hypersurface. Furthermore, by 
standard techniques, we can assume that Ai G Mod/ l (X , x). In particular Ai 
can be considered as a meromorphic connection. 

By Theorem I1.3.31 there exists a finite sequence of complex blow-ups 
and ramification maps 7r such that, ir^Ai admits an elementary A- 
decomposition. It follows, by Lemma I2.2.7[ that we can suppose that M 
admits an elementary ^.-decomposition. 

Then, we can conclude by Lemma [2. 2. 61 

□ 

2.3 The general statement 

Let us recall that, given Ai G D b h {V x ), 

DRlM := n x |) g,M . 

e<v x 

Moreover, F G D b (C Xsa ) is said M-preconstructible if for any G G 
D^_ C (C X ) with compact support and any j G Z, 

dime R 3 Homc x (G, F) < +oo . 



22 References 



We can now state and prove 

Theorem 2.3.1. Let X be a complex analytic manifold, M. G D b h (T>x)- 
Then DR t T>x M G D x (C Xaa ) is R-preconstructible. 

Proof. Let us use induction on the dimension of X. 

If X is a curve, then the result follows at once from Theorem 11.2.91 
Now suppose that dim X > 1 and that the inductive hypothesis holds. 

That is, for any complex analytic manifold Y with 1 < dim Y < dim X and 

for any M G D b h (T>y), DE^ M is IR-preconstructible. Let us prove that for 

any M G D b h (V x ), DR t T>x M is M-preconstructible. 
By using the distinguished triangle 

RT [S{M )]M — > M — ► RT [X \s( M )]M ^ , 

it is enough to prove the statement for RT[s(m)}-^ an d for RT[x\s(m)]M. 
The conclusion follows by Propositions 12.1.11 and 12.2.11 

□ 
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